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SZEGO LIMIT THEOREMS FOR THE HARMONIC OSCILLATOR
BY
A.J. E. M. JANSSEN AND STEVEN ZELDITCH

ABSTRACT. Let H = - }d?/dx* + }x? be the harmonic oscillator Hamiltonian on
L*(R), and let A be a sclfadjoint DO of order O in the Beals-Fefferman class with
weights @ = 1, ®(x. &) = (1 + £ + | x*)'/2 Form the measurc p(f) =
lim, _ (1 /rank m)tr f(my A7y ) where m\ Am, is the compression of 4 onto the span
of the Hermite functions with cigenvalue less than or equal to A. Then one has the
following Szegd limit theorem:

p(f) = lim 1 f(a(x,£))dxd¢ forfe C(R).

T 27T Jypv ty=7

For the special case where f(x) = x, this will be proved for a considerably wider
class of operators by employing the Weyl correspondence. Moreover, by using
estimates on Wigner functions of Hermite functions we are able to prove the full
Szegd theorem for a fairly general class of multiplication operators.

0. Introduction. Pseudo-differential operator theory provides a natural framework
in which to discuss correspondence principles between classical and quantum
mechanics. Indeed, one of the origins of the theory was the “ Weyl correspondence”
[We] between functions a(x, £) on phase space T*R and operators a*(x, D) on
L?(R) by means of the formula

(0.1) a*(x, D)u(x) = %fa( %(x +y), 5)14()1)e"<"‘~"'£> dy d§.

Moreover, the requirement that operator brackets [a”, "] should correspond (as
much as possible) to the poisson bracket of the symbols {a, b} leads to the selection
of classes of symbols to which orders may be assigned, so that [a*, b"] = {a, b}* +
lower order. What “lower order” should be depends upon the application; fre-
quently in appalications to quantum mechanics it means a higher order dependence
on Planck’s constant 4 [V].

In this paper, we will use the pseudo-differential and Weyl correspondence to
relate various averages of operators to averages of the symbols. Whether using
conventional Y DO theorem (as in Part I) or other kinds of analysis (as in Part II), a
basic principle is that lower order terms should vanish in the averaging.

Let us now state the basic results. First, fix H = - 1d2/dx* + 1x?, the harmonic
oscillator Hamiltonian on L?(R) and let 7, be orthogonal projection onto the span of

Reccived by the editors December 2, 1981 and, in revised form, September 16, 1982.
1980 Mathematics Subject Classification. Primary 35899: Secondary 46N05, 81C99.

©1983 American Mathematical Society
0002-9947,/83 $1.00 + $.25 per page

563



564 A.J. E. M. JANSSEN AND STEVEN ZELDITCH

the Hermite functions with eigenvalue less than A. Correspondingly, let H(x, §)
= 1£2 4+ 1x? be the classical Hamiltonian and let B, be the energy disc {(x, £)|
H(x, £) < A} of energy less than or equal to A. Then for certain corresponding pairs
(a, A) we will show:

(1) AVERAGING THEOREM.

ﬁ/gd(x,ﬁ)dxd£~

rank 7, tr( Ay )
as A — oo. Intuitively the compression of A to {@ € L*(R)| (H,, 9)/{p,9)<A} has
average value asymptotic to the average value of the compression of its symbol to
{(x, &) € T*R|H(x, §) < \).
(i1) SZEGO THEOREM.
1 1
27A _/;Af(a(x, §) dxdg~ rank 7,

tr f(myAmy)

as A - oo, and for f € C(R). This defines a limiting measure p of the sequence
py/rank m,, with p\(f) = tr f(m\Am,). Intuitively, letting f be approximately the
characteristic function of an interval, this says that the distribution of values of the
compressed a is asymptotic to the distribution of values of the compressed A.

In Part I of this paper the “certain corresponding pairs” will consist of symbols a
of order O in a special case of the Beals-Fefferman calculus (see [Be, H6]). We could
also use the more special, and for applications less realistic, calculi of pseudo-
Toeplitz operators of Grossman, Loupias and Stein (see [GLS, H]). The great utility
of these calculi is that (as we mentioned above) symbols of products are products of
symbols plus terms which vanish in the averaging, and, in general, lower order terms
will never show up in the limits. We should also add that some extra conditions on
the symbols are needed to insure the existence of the limits.

In Part II, we will prove the averaging theorem for operators 4 corresponding,
under the Weyl correspondence, to symbols a € L(T*R) which have mean values on
T*R. Here the symbols do not belong to symbol calculi, and so one must work with
explicit formulae for symbols and kernels, rather than with Y DO approximations. In
the ensuing analysis, however, one gets more precise error estimates than is possible
in the yDO theory. This is related to the fact that Weyl’s correspondence can be
described in terms of Wigner functions (symbols of projection operators) and the
fact that we are able to get good estimates on the Wigner functions of Hermite
functions. In this part we also prove the Szego theorem for potentials ¥(x), although
some indications for the general case are given at the end of §4. The assumptions on
V are not of “symbol” type, so that we can free ourselves of the Yy DO approach.
(One advantage of working with potentials is that symbols of powers are the powers
of symbols, so no lower terms enter in. In general, all symbol manipulations are
simplified in using potentials.)

The similarity of these results to the work of Widom should be clear to anyone
familiar with it (see [Wi, Gu]). Some of the proofs are borrowed with little change
from these papers, as will be noted below. We would also like to thank Alan
Weinstein for conversations and encouragement.
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PART 1. THE ¢ DO APPROACH

In this part we will prove the averaging and Szeg6 theorems for symbols a(x, §) in
a special Beals-Fefferman class Sg.

0. Preliminaries.

DErFINITION 0.1, Let S7* = {a(x, {)|a € C*(R, X R,),|3%3fa|< C,, 0™ ¥)
where ®(x, §) = (1 + |x + [P/

In the language of [Be], Sg' is the space of symbols of order m relative to the
weights ¢ = 1 and ® above.

DEFINITION 0.2. Let £F = {4 = a(x, D)|a € Sg'}. Here we will use the “Weyl
correspondence” definition

a(x, DYu(x) = 3= a3 (x +9), € Jul)et = ayag,

although our conclusions are valid for the usual “derivatives first” definition as well.

We also write a(x, D) = Op, ,,(a(x, §)) and a(x, §) = o4(x, §).

The class of ¢y DO’s in this calculus is closed under composition, and one has the
following

(0.3) Composition rule. If A = a(x, D) € £F, and B=b(x, D) ELjandac b =
o) gthenAd o B € L7 " and
B i(9d 3 a3 9
aOb—aexp(z(ax 32 Y ) (see [V, p.114])

3

3] () ii_i '
le dx 0§ Ox 0

where asymptotics are taken relative to the symbol grading, i.e.

e

k (8 A Y J
1 (i[9 @ 9 0 -k
aob ,gj!(2)a(8 )bESq, .
Jj=1
PRrROOF. Essentially the same as [Be, Theorem 4.1].
We will need the following well-known
(0.4) Trace rule. If A is a trace class YyDO with smooth kernel & ,(x, y), then

trdA = [o;(x, §)dx d§.
PROOF.

Ka(x,9) = 5= fa( 30+ 0), e ag
SO

trd = fk (x,x)dx = fa(x £)dxdt wherea =o).
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Finally, we recall these basic facts about the Hermite operator (cf. [Sz, U]):
(i) Herl,
(i) specH = {n+ 1},
(i) e "M is a trace class ¢ DO with Weyl symbol

(0.5) . 1 e
orm(x, &) =o(1,x,¢) = p— t/ze-tanh(!/Z)(x +6)
. 1
-tH —
(iv) e =57

1. Computing traces. One advantage in using the Weyl calculus is that we get a
very simple formula for the trace tr Ae~*"'. Indeed, for 4 € £,

tr Ae M = %j‘o}e-u,(x, §)dxd¢ = %/a(x, £)oa(t, x,¢)dxdé.

In the Weyl calculus, we have for symbols a and b of arbitrary order, and with
w(z, §t, 1) =1 — zm,

aob(x, §) = /a(x F 2 E+ Ob(x 41, £+ 1)ed O E 0D dr dt dr dr
(see [Ho,p. 374]). Writing x + z =2, ¢+ { =, x + 1 =1, £+ 7 = 7, one gets
faob(x,g)dxdg
= fa(z‘, C)b(1, 7 Yexp(2i{x(§ — 7) + (7 — )
+w(2,§1,7)}) dx dé dz d§ dt d7
= [a(t,7)b(s, ) drdr.

Therefore

(1.3) trde " = fa(x,&)o(t,x,ﬁ)dxd&

- mlh,/zfa(x, ¢)exp(-tanh 1/2(x? + £?)) dx d¢.

Changing to polar variables z = x + i§ = re'® we get

1

(1.4) m—t/—thfxa(rem)exp(—tanh t/2r2)rdrd0,
o Jo

whence letting p = r2 we get
1 <

(1.5) mfo emahi/20g (Vo) dp,

where a_,(p) = (1/27)[3"a(pe®) d6.
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Finally,
1
-t — h 2 2+ 2 dx dt = ,
tre 2wcosh(t/2) fexp ~tanh(1/2)(x + 7)) dx d 2sinh(1/2)
so that
1 B} sinh(z/2) o
1.6 e trAe-n = 2/ ~tanh(t/2)r
(16) e ¢ cosh(t/2)-[, € aave(‘/;)dr
or letting w = ™%
1l —w >
= -r(l—=w)/(1+w)
v e )

Summing up, we have, for 4 € (e

PROPOSITION 1.8. If one of the following limits exists, then so does the other and they
assume the same value:
(i) lim, (1 /tr e~ )tr(Ae").
(ii) lim, _ o€ [§%e™"a, (/F) dr.

2. Abelian-Tauberian theorem and the averaging theorem. The limits (i) and (ii)
may be replaced by limits of other averaging procedures via Karamata’s Tauberian
theorem. Indeed, we have

PROPOSITION 2.1.

. 1
lim tr Ae™'" = lim —tr(w Am))
110 tre”’ n—oc

where m, = projection onto the span of the first n Hermite functions, {¥;} and where
equality means that if one side exists, then so does the other and assumes the same
value.

PROOF. Let o(A) = trmAmy, = 2, <2 (A4Y, §;). Then
dp e . l
ax E,“‘”’ma(x [+ 3))
so the Laplace transform
d - .
B(d—g\))(t) = 2 ( Ay, 4 )e U= tr ge !,
i=1

But Karamata’s theorem says lim,, ,t£(dg/dA)(t) = lim,_ [0, n]/n which is
equivalent to the stated proposition, since tre " ~ 1 /1.

PROPOSITION 2.2.

limejé e aave(/_ dr = hm —-f ave

e—0

where equality again means one limit exists if and only if the other does.
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Proor. This is again an application of Karamata’s Tauberian theorem (see e.g.
[Si]).

Summing up §§1 and 2 we may state the averaging theorem for 4 € £3:

THEOREM 1. If one of the following limits exists, then so does the other and assumes
the same value:
(1) lim,,_ (1 /n)tr(m, Am,).
(i) lim - o ,(1/27T ) [y, £)<Ta(x, §) dx d§.

PROOF.

. l T _ L 2@ 0T 0
lim /(;am(ﬁ)dr lim /0 foa(re )rdrdf

T—o0 7rT2

. 1
= Tan:c 57 H(_\-,g)sra(x’ ¢) dx d¢
and the rest follows from Propositions 1.8, 2.1 and 2.2.

REMARK 1. One may paraphrase the averaging theorem as follows: The average
value of 4, compressed to that part of quantum phase space where the energy is less
than n, is asymptotic to the average value of a compressed to that part of phase
space where the energy is less than n. Here we interpret 277 = area(H < T') and
n = rank 7, and compare volumes to dimensions as usual. In this form, the theorem
is valid in great generality, as we will show in a later paper.

REMARK 2. A simple sufficient condition for the existence of these limits is that
a,,. has a limit as » — oo, or that a has radial limits. These are strong assumptions,
but if they hold for a, then they do as well for f(a) (f € C(R)), so that the Szego
theorem of the next section is not vacuous.

3. The Szego theorem. In this section, we prove the following Szegd type theorem.

THEOREM 2. Let p,(f) = tr f(m Am,), f € C(R). Then the sequence of measures
(1/M)p, has a weak limit p. given by

W)= lim o f  flalx. ) deds.

The main step in the proof, following Widom, is to replace (1/A)tr f(m, Am,) by
(1/M)tr @, f(A)m, for polynomial f, and to apply the averaging theorem to the latter
sequence. We may say this in another way. By the spectral theorem, one has for each
vector ¢ € L*(R) the spectral measure py(f) =¥, f(A)¢). In particular, one has
the measures . ¥, being the jth Hermite function, and one may form the spectral
measures

JH1/2<A

One then needs to show lim, _ (1 /A)u, = lim, _ (1/A)», and that

lim (1/A)r,(f) = lim (1/277T)f f(a(x, §)) dx d¢.
A—o0 T—oc H<T
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To exploit Widom’s proof, we will have to pass from H to VH . The eigenvalues of
VH are A, = yn +1/2; let P, be the projection onto the eigenspace of eigenvalue

yn +1/2 and let P, = Emﬂ, (= ma).
PROPOSITION 3.1. VH = Oy, (/£7/2 + x*/2) + B where B is bounded on L*.

PrOOF. This is a familiar fact in DO theory, so we only briefly recall the proof
(see [T, p. 289)).
Let

H,,, = OP, ,({(£ +x*)/2).
Then

1
0H|/2'H|/z = 5\/32 + X2 ° ‘/£2 + )C2

= %(52 +x2) +r(x,¢) wherer € S5'.

Thus (H, /2)2 = H + R, where RE L' hence bounded (see [T or HJ). Now let T be
a curve in the complex plane enclosing both spec H and spec(H + R). Then

H ,= f}‘l 2((H1/2) _)\)_]d}\

2mi

= m/)\l/z(H+R—}\)_ld>\

- 1/2 ARl
mex (H—=A)"[1+ (H=\)"R] " dx.
Using (1 + 4A)'=1—(1 + 4A)"'4 we get

- 277,]}"/2(” )X
2mf"'/2(H N1+ (H=A)"R)'(H=X)"RdA.

It is easy to see the second term is bounded, so we have H, ,, = = VH + B, as desired.
W now derive the basic lemma required in replacing u, by »,.

LEmMA 3.2. If A: L*(R) » L*(R) is in Bg and P, are the projections for VH as
above, then

IP\A(1 = P)ll, = o(/rank P, ) = o(A).
Here || ||, is the Hilbert-Schmidt norm (compare [Gu, p. 244)).

ProOF.

P AP, = [\/— A]P,.
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For any A, 8 > 0, || Py A(1 — P13 = |PxA(Pris — POII3 + IPyA(1 — Py 5)l3. But
VH, Al = [H, ,,, A] + B, A] is bounded by Lemma 3.2 and the composition rules
of the Y DO calculus. So

1P\ A(1 — Py)l3 < || 4]|>rank( Py, 5 — Py) + 87|[[ H, A]jrank P,.
But rank(P,, 5 — P,) = 2A8 + 82, rank P, = A>. So

2
A2|PyA(1 — P < C{z—a + L + 8"}

X ¥ —»£ asA — oo.

82
But 8 is arbitrarily large, so || Py A(1 — P,)l|, = o(A), as desired.
Recalling that Py: = m,, we get
COROLLARY 3.3. ||m, A7y ||, = o(YA).

It now follows, as in Widom’s proof, that A'(v,(f) — p,(f)) = o(1) for poly-
nomial f. Indeed, one writes 7" =1 — 7, 7, A*n, = m A(m\, + 7-)4 -+ A7, =
(m Am, ¥ + terms with at least one factor of 7, A7 . But we have just seen that
lmAmy Il <lImllallmAmll, = o(X), so ||myA’my — (mAm)*|l, = o(A). Conse-
quently, |7y f(A)m, — f(m\,Am )|, = o(A) for any polynomial f.

Thus lim, _, (¥,(f)/A) = limy _ (,( f)/A) for polynomials f.

LEMMA 3.4.

hm u)\(f)— 11 LT.[ f(a(x,&))dxd&

for polynomials f.

PrOOF. For any polynomial f, f(A) € £23. By the averaging theorem,
. .1
}\lin:c XV)\(f) = A‘er:c A my f(A)my

. 1
= lim mj;’srof“)(x,&)dxdﬁ,

T—x

assuming either of the limits exists.

By the composition rule, o ,(x, &) = f(a(x, §)) + r(x, §) with r(x,£) € S5
Since any r € Sg' satisfies |r(x, £)|< C- (1 + | x4+ |£)7"/2, it is clear that its
mean value is 0. Thus

Jim () = Jim o [ fla(x. £)) d s,

assuming either limit exists.
(As previously mentioned, the assumption that ¢ has radial limits implies that
these means exist for all continuous f.)

COROLLARY 3.5 (SZEGO THEOREM).
1
. _I _— — .
)\lin:oA p’)\(f) - l”‘(f) - }er:c 27TT-/;.]<Tf(a(x’ g)) dx d£

for all f € C(R).
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PROOF. The eigenvalues a} of 7, Am, are bounded by || A|| for all A, i; the values of
a(x, ¢) are bounded by some constant C. Any continuous g € C(R) can be
approximated uniformly on 7 = {|x|< max(]|4|,C)} by a polynomial f, so
IIf. — gllo,.; <& Then

<E

3 (8) = ()| = Sela) ~1(a)

.1 o
= fim xle) = Jim iyl )

. . 1
= lim lim mesrfs(a(x, £)) dx dt

) 1
= Th—-n:om IKTg(a(x,g)) dx d§.

So the theorem holds for all g € C(R).
PART I1. THE SPECIAL FUNCTION APPROACH

0. Introduction. In this part we take H = —(1/4#?)(d?/dx?) + x* (Hermite
operator; the normalization chosen here is more convenient for our purposes than
that of Part I) and consider trace and Szegd limit theorems for bounded linear
operators A4 of L*(R) outside the context of Y DO-theory. The simple commutator
argument of Part I will not be available here to estimate effects of off-diagonal terms
of A. However, the framework of operators and their Weyl symbols will be
maintained; it is the calculus of symbols that is dropped.

We again use the Weyl symbols of operators since these give rise to explicit
formulas, in terms of Wigner functions, for the matrix elements of bounded
operators A relative to the basis (), of Hermite functions. These formulas will
allow us to deal in the trace theorem with fairly general A’s, and in the Szegd
theorem with fairly general multiplication operators M,,. (The restriction to multipli-
cation operators in the Szego theorem is natural since we need operators 4 for which
the Weyl symbol o, satisfies f(0,) = 04 if f is a continuous function.) In particular,
smoothness assumptions may be dropped.

More precisely, we will show the following theorems.

THEOREM I1.1. Let A be a bounded operator of L*(R) whose Weyl symbol a is
boimded. Let 7, be the orthogonal projection onto the span of the first n Hermite
functions. If one of the two limits

. 1
lim _fvz+52< a(x, &) dx d¢

Teoo TT T

and

1
lim trace( 7, Am
N 00 n + l ( n n)
exists, then so does the other and assumes the same value. If A = M, (multiplication

by V € L*(R)) the first limit may be replaced by lim_, (1/2T) [T V(x) dx.
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For multiplication operators M, where J: R — R belongs to a fairly large subset
of L*(R) including all almost periodic functions and all ¥’s for which lim, _.. ., ¥(x)
exists, we have the following Szegd limit theorem.

THEOREM I1.2. If f: R — C is continuous, then

trace f(m, M, m,) = Tler:o %,j::f(V(x)) dx.

,,lin:o n+1

1. The Weyl correspondence and Wigner functions. We begin by reviewing the
Weyl correspondence between functions a(x, ¢§) on R? and operators acting on
L?*(R). Relevant references here are [GLS, Ho,dB, D and HJ, but since our normali-
zations are slightly different we prefer to give some details.

Let a(x, ) be in Schwartz’ class S’(R?). Then we define the Weyl operator
a" = a"(x, D) associated with a as follows. For any two functions f and g in S(R)
we define the Wigner function W( f, g) or W(«x, §; f, g) of f and g as (an overhead
bar denotes complex conjugation)

W(x,& f,g) Zfe'z’”"ff(x + %t)g(x - %1) dr.

We have W( f, g) € S(R?) for all f and g in S(R). Now we define a” by requiring
that (a%f, g) = (W(f, g), a) for all f and g in S(R). The operator a* so defined
maps S(R) continuously into S’(R); its Schwartz kernel A" € S’(R?) is related to a
by the formula

a(x,§¢) = /Aw(x + %t, x — %t)e‘z’”"e dt

(this identity is to be interpreted in the distributional sense). In particular, if we take
a= W(e, ), a¥ is the operator ¢ ® ¢, i.e. a”f = (f, ¥)o.

The attention paid below to Wigner functions is consistent with the pseudo-
differential theme of treating operators via their symbols rather than their kernels.
Much of it is devoted to getting exact results on full symbols, rather than on leading
order terms.

1t 1s known that if a € L?(R?), 1 < p <2, then a" is of Schatten p’-class where
p’ =p(p— 1) (cf. [H, §3.5]). On the other hand, if 4 is a bounded operator on
L?(R), then there is an a € [S*] such that (4f, g) = (W(f, g), a) for all f, g € S(R).
Here [S*] is the dual of

§% = {f|fe C5(R?), max sup| (1 + x2 + £2)° "%, f|< oo}
(see [D] for details). We call a the Weyl symbol of A. Hence, if 4 is a bounded linear
operator of L%(R), then we can write

trace(7, A7,) = i W(‘I’k*#’k)"i)
k=0

where the y,’s are the Hermite functions. In general the matrix elements of A (with
respect to the Y, ’s) are given by (AyY,, ¥,) = (W(Y,, ¥,), a).
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In §2 we shall give a number of estimates and formulas about the W(y,, ¢,)’s.
The explicitness of these show clearly the advantage of the Weyl symbol over the
usual one for our purposes; in particular, one has in many cases a good idea how
fast (1/n + 1) trace(m,Am,) approaches its limit if n — co. It is, furthermore,
important to note that A4 is selfadjoint if a is real.

The following gives an alternative description of the Weyl correspondence (this is
Weyl’s original set up). For (g, p) € R? we define the unitary operators T,R,W,,
by

(T,1)(x) = f(x +q), (R,f)(x)=e?""[(x),
W, ,f=e"R,T,f.

If a € S'(R?), we define the symplectic Fourier transform @ € S’(R?) of a by

a(q, p) = [e?"7 "0 (x, £) dx dt.

It can be shown that for all f € S(R)

a"f = [W,,fa(q, p) dq dp;

that is, in the inversion formula
a(x, §) = [e2m 4t ra(q, p) dq dp,

we replace the exponential exp(27i(g§ — px)) by its “quantization” W, ,.

2. Hermite functions and Wigner functions. The following objects and observa-
tions are basic to the Hermite theory in this paper.

(a) The Hermite operator H = —(1/4772)(d2/dx2) + x?

(b) The Hermite function y,(x) = e™™ H (xV2m (2"~ '/2n')'/2, where H(x)=
(-D"%* (d/dx)”e“ is the nth Hermite polynomlal n=20,1,.

) HYy,=(n+ 7'y, n=0,1,....

(d) exp(mx? — 2m(x — w)?) = 2 c,w"Y,(x) where ¢, = (n!)'/2271/44x)"/2,

(€) Mehler’s formula for the kernel e~ ™" (compare [dB, §27.6.3]) may be written
as

~ 1 1/2
> e""*‘”"%(x)xl«"(y):(Sinh,) exp( - = ((x* + y?)oosh 1 + 2xy) )
n=0

for Ret > 0, x, y € C. Alternatively,
<

2 172 1 2 4
2w (x),(y) = ( - w2) exp(_qu + Wz(x2+y2) n ﬂxyu;).

n=0 - W 1—w

(f) The Wigner function W(x, &; y,,,, ¥,,) is given by

W(x, & s ) = 2+ (=1)"e 27 HEOL (4m(x2 + £2)),
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where L, is the mth Laguerre polynomial of order O (cf. [Ja, Gr]). Note that
W(x, & ¥,,, ¥,,) is the Weyl symbol of the projection operator ,, ® ,, onto the
span of y,,,.

() If we write x + i¢ = re'®, then

m!

gy ¢ @) e L )

W(X, g’ ‘pm+k* ‘Pm) =2 (_])'"

where L{* is the mth Laguerre polynomial of order k, for which the generating
function is given by 3%_ w”L*(x) = (1 — w)™* “lexp(—xw(1 — w)™") for |w|< 1,
x = 0. Consequently, W(re'®;y, .. ¢,) has the form e **®  (r), as already
observed in [Gr]. The above follows from the formula
min(k,/) (_477)_/ (4‘”r)/(+/—2j e,‘(/_k)g
e Wix, &y, ) =2V %exp(-27r?) Y : : ‘
i N e T R IR ]
(the ¢,’s are as in (d)). This formula can be found in [Ja, Gr].
(h) 7,, the orthogonal projection onto span{y, |k < n}, itself has the Weyl symbol

Y

o, = O W(x. & dy) =20 3 () e HOL (4n(x2 + £2)).
k=0 k=0

Since
trm Am, = /aw"(x, £a(x, &) dx d§,

one interpretation of the trace theorem (as observed to us by Alan Weinstein) is that
o, is approximately the characteristic function of the nth energy disc. One of us
(A. J. E. M. Janssen) intends to elaborate this point further. At present we can say
the following: The sums X} _ W(x. & ¢,. ¥,) =:5,(x, §) are nonnegative, uniformly
bounded, very small if 7(x? + £2) = n(1 + ¢) if € >0 is fixed and n is large, and
S,(x,¢) — 1 uniformly on any compact set of (x,§)’s not containing (0,0). This
information, though useful, is not sufficient to prove the trace theorem since the
behavior of S,(x, £) should also be known in the region {n < (x? + £*) < n, say.

In the remainder of this section, we shall derive estimates for W(re'’; y,, ¢,). We
have, of course, | W(re'; y,,4,)|< 2. More precise information can be obtained
from [Sz, Theorem 8.91.2] which gives the asymptotic behavior of

maxe ¥/ 2xM L(x)|  (n - o)
X

if a is fixed and A € R. Unfortunately, we need estimates for W(re'?; y,, ¢,) where
k, 1 - o independently. The result we prove below is not the best possible, but it
suffices for the analysis of the multiplication operators and certain operators of more
general type. We are especially interested in an estimate that shows that
W(re®; Y, ¥,) is small if / — k is sufficiently large. For that gives us an estimate of
the “off-diagonal” part of the matrix of an operator A (relative to the basis ({,),)
whose matrix elements are given by (Ay,, ¥,) = (W({,, ¥,), @). Such an estimate is,
of course, not necessary if we are only interested in trace theorems, but if we want to
prove Szegd limit theorems, we definitely cannot do without it.
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The basic result is contained in the following lemma.

LemMA I1. 2.1. We have for | > k,r = 0,0 € R
V2 2eq!/2p\ Tk dmr?\* o
Wres i) 1= (k') (ﬁ) (Hm)e ’

PROOF. As observed before | W(re'’; y, ., ¥,,)| is a function of r alone. Hence it
is sufficient to investigate (T, ¥, , ¥,) = 2(-1)'W(3a,0; ¥, ¥,) (recall that (T, f )(¢) =
f(t + a)). We get a convenient expression for (T,y,, {,) by using the Bargmann
transform (cf. [Jb]). The Bargmann transform Bf of an f € L*(R) is defined as

(Bf)(z) = 2'/“'/mexp(%wz2 —a(t— z)z)f(t)dt

el (f’\P ) n
= (7%
n§0 \/}17' )

for z € C. We have the formulas (cf. [Jb or Ba))
(f.g) = (Bf, Bg)c = /Cexp(—wlzf)(Bf)(z) (Bg)(z) dz,

(BT,f)(z) = exp(—%'rm2 - waz)(Bf)(z +a),

Jnt

Heref, g € L’(R),a € R, n =0, 1,.... Therefore we get
(k+/)/2 (

o fexp

Using polar coordinates z = re‘® in the integral
gp g

(B, )(2)

(T, ) = ma —waz)(z+a) zlexp(—m|z[P) dz.

e la) = j;exp(—w|z|2—waz)(z +a)7'dz

— [+ 2 27 Y(, 6 k -itg
—f r'*lexp(-mr?) f exp(-mare”)(re'® + a) e " do } dr.
0 0
Substituting w = e'? (§ € [0,2]) in the integral I(r, a, I, k) between { } we get

I(r,a, [,k) = l/ e-ﬂawr(rw+ a)kw_[_ldw
=1

1
= —,/ e ™ (rw + a)kw"_l dw
w=R

LN
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forany R > 0. Take R = (I — k)/m|a|r. On the circle|w|= R we estimate

k 1+1
koo—i—1 k[ L~k (77|a|r)
w I<e ("’|a| +|a|) I~k

|exp(—mawr )(rw + a)

2\ k
:e,_,\.(ﬂlal)/«kﬂ([_k)-(/—k)—l(l n ‘;TI_GL) ey

Here we have assumed that / > k. We therefore get

Wlalz)k

(@) |< 2me'*(mla) " (1 - k)“"“(l + %

_(e|a| )"* I L1
VEY: I—k) ™
Hence,ifa € Rand / > k,

1\V2(en 2al\" (0 mlaP )" 1,
(@eni=(51) (G 1+ P ) el -5me).

This concludes the proof.
This estimate on (7,y,, ¥,) is fairly good, for it shows that (7,y,, ¢,) has a zero of
order / — k at a = 0 and that (T,y,, ¢,) = O(|a|**exp(~ ma?)) for large a.

COROLLARY. For any C > 0 there is a 0 > 0 such that

(T . ¥ I< C'*exp(-1ma?)
for all a € R and all k, | with k = a?, | — k =|a|Vk /o.

PROOF. Let ¢ > 0. We consider (T,y,,y,) for k = a? [ — k= Vk /e. We have
(since ' /K'< I'""F k /(I — k) < eX(] — k))

10\ en'2a|\'"™" ([ wka®\ .
(o= (5] (STn] el TR )

1/2 1/2 I—k
em all L2
< {—-—[ | Il exp('rrazez)} e 2",

Now I'/2/(1 — k) <e(l + e 'k™"/2)/2 < &(1 + (lale)™)'/?, 50

(T4 ) 1< {en'/2(ale(1 + (|a|e)“')'/zexp(w|a|252)}""e-;w{

Hence, if o is the solution of the equation ew'/%a(1 + 07')!/%exp(76?) = C, and
e=o0/|a|. then |(T,¥,,¥,)|< C'*exp(- tma®) for k=a’ |-k =k /e=
|a|Vk /o. This completes the proof.

REMARK. This lemma says that for k = a? the size of the set of all / = k for which
(T, ¥y, ¥,) cannot be neglected is O(|a| Vic).

3. The proof of Theorem II.1. The proof of the first half of Theorem II.1 uses
similar arguments as the proof of Theorem 1 of Part I; to keep the two parts
independent we give the following quick proof with the aid of Wigner functions. Let
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A be a bounded operator of L?>(R) whose Weyl symbol a is bounded. As observed in
§1 of Part II we have

n

trace(m, Am,) = 2 (A, ¥) = 2 (WY ). a).
k=0 k=0
Consider F(w) := X¥_w*(Ay,, ¥,) for |w|< 1. The numbers (Ay,,y,) are
bounded since A4 is bounded. By a simple Tauberian theorem we have: if one of the
limits lim, _,  (trace(m,Am,))/(n + 1) and lim,,_, (1 — w)F(w) exists then so does
the other and assumes the same value. By §2(f), (g) we can write F(w) as
(G(-, -; w), a), where x, £ € R,|w|< 1, and

G(x,&w)i= X ww(x, & ¢, ¥y)

k=0

—_ -1 2 2 l_W
=2(1 +w) exp|-2m(x*+ ¢ )l+w)’

Hence, it is sufficient to investigate when
lim Zefexp(—Zw(x2 + ¢2)e)a(x, &) dx d¢
e—0+
exists. Changing to polar coordinates (x, §) = r(cos @,sin#) and performing the

substitution u = 277r2 we can write the above limit as lim,_, efe ~*“a, (u) du,
where

1 27 .
a,.(u) = -2—7;'/0 a(\/u/2'rr (cos 8, sin 0)) de.
From the Tauberian theorem in [Si, pp. 107-108] applied with
T
p([0,T]) = f ag(u)du, y=1,
0
we know that if one of the limits

lim efxexp(—eu)aave(u)du and lim %fram(u)du
0 0

e—0+ T—oc

exists then so does the other and assumes the same value. Now since

1 (7 1
7,/0 a,.(u)du= WT-/lergzsra(x’ §¢) dx d¢

the proof of the first part of Theorem II.1 is complete.

Note. A sufficient Tauberian condition on a to apply the theorem just quoted is:
there is a z € C and 6 € R such that all values of a () lie in the set {z + re’*|r €
[0, ), a €18, 6 + 7/2]}. This is definitely weaker than the boundedness assump-
tion on a. Since the Tauberian theorem is applied on a,,., and not on q itself, we can
even allow certain distributions for a. We shall not pursue this po.nt.

The second half of the proof of Theorem I1.1 deals with the case that A = M, the
multiplication operator by V € L*(R) whose Weyl symbol a is given by a(x, §) =
V(x). That is, we want to replace

(+) lim if V(x)dxdt= lim -2—/AV(X)\/1 — (x/A) dx
xi+£2<T A-x A ),

T—oc T
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by
1 T
. lim —/ V(x) dx.
(++) Jim 5 [ )

Although this can be done directly by using Wiener’s Tauberian theorem, the
following argument is perhaps more instructive. As before we can consider
lim,_, (1 — w)F(w) instead of (%), where F(w) = Z>_ w"(M 4y, {,). By Mehler’s
formula (§2(g))

1,2 x o
F(w):( 2 ) / V()()exp(—2fzri_'_:x2 dx.

1 — W2 -
Hence studying (1 — w)F(w) as w — 1- amounts to studying
=l * i
e'/‘f V(x)exp(-mex)dx ase — 0+ .
-

We need the following Tauberian theorem.

ProPOSITION 11.3.1. Let f: [0, 00) — C be bounded and measurable. If one of the
limits limy_ (1/T)[Jf(x)dx and lim,_,, (2€)"/?[s°f(x)exp(-mex?) dx exists, then
so does the other and assumes the same value.

PROOF. Let K (1) = e 'x(f1). Ky(1) = e 'exp(-me ') for 1 € R. If we take
T=c¢e", e=e?" and substitute x =e" we can write (1/7T)[/f(x)dx and
e/ f(x)exp(~mex?) dx as [* f(e“)K\(y — u)du and [* f(e*)K,(y — u)du re-
spectively. The Fourier transforms of K, and K, are given respectively by

fxe'z’”“K,(t)dt: !

o 1+ 27N’
‘/xe'z’”"’Kj(l) dt = ?.77'1"””\1*(l + 771'?\)
. 2 2

for A € R. Since these Fourier transforms have no real zeros, the proposition follows
from Wiener’s Tauberian theorem.
Note. A slightly more general theorem is proved in [Jc, §4.2].
By applying Proposition I1.3.1 to f(x) = V(x) + V(-x) (x = 0) we see at once
that if one of the limits
-
lim (trace(m,M,m,))/(n+ 1) and lim (1/2T)f V(x) dx
n—oc T—x -T
exists, then so does the other and assumes the same value. The proof of Theorem II.1
is complete.

4. The Szego limit theorem for multiplication operators. We restrict ourselves in
this section mainly to multiplication operators A = M, where V' € L*(R); we shall
give some indications how to treat more general operators at the end of this section.
We shall often write V instead of M.

We want to find a sufficiently large class of functions V' € L*(R) for which
the following holds: if f is a continuous function defined on R, then
lim, . (f(m,M,m))/(n+ 1) exists and equals lim_ .(1/2T) (% f(V(x)) dx. To do
this we first introduce the class .
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DEerFINITION I1.4.1. <Y is the set of all ¥V &€ L*(R) for which
lim,_ (1/2T)[ " V*(x) dx exists for all k = 0, 1,....

For the time being we allow V' to be complex-valued, but later on we shall have to
restrict ourselves to real-valued V'’s. We note that for any n = 1,2,... there is a
V € L*(R) such that lim,_(1/2T)("V*(x) dx exists for k = 0,1,...,n — 1, and
such that lim,_ (1/2T ) [V "(x) dx does not exist. The class U is not linear.

We give some simple properties of the class “li.

LemMma 1141, lim,_ (12T )" f(V(x)) dx exists if f: R — C is continuous and
Ve .

PrOOF. Since f is continuous and V € L*(R) we can find a sequence (P,), of
polynomials such that P (V(x)) — f(V(x)) uniformly in x € R. The lemma easily
follows.

DEefrINITION 11.4.2. For V' € L*(R) we put

o Ao
p(V):= ll;nas:p 2T'/-Tl V(x)|dx.

LEMMA 11.4.2. Let V

n

(n — o0). Then V € <.

€ L*R), |V |l. <M. VeEL*R)LV, €WV, pV,—V)-0

ProoOF. Let k = 0,1,...,6 > 0. Wehaveforn =0,1,...,T>0
LTk oy — ph %
o7 | (V) = VA(x)) ax

<2 ["1V(x) = V(x)| dx,
T
where 4 := kmax(M* " |[V||X ). Let

2T J_

1 (7
(k) . — 1 — k
AL Th—rr:c Ta _TV,, (x)dx.

Take n so large that p(V,, — V') < e&/2 A, and then take Tj, so large that

<€,

L T A — (k)
2Tf_TV,,(x)dx 1

I
37 V) = V(x) ldx < 2p(V, = V)
if T > T,. Then we have for T, T, > T, that

< 4e¢.

Lo _ Ly
lle f-T,V (x)dx o, '/—TzV (x)dx

From this it follows that lim,_ ,.(1/2T )7V *(x) dx exists for all k. Hence V € .
LEMMA I1.4.3. (i) °IS contains all V € L*(R) for which

. 1 (7 1 ro
lim — V(ix) — =0= lim = -
Terolc T/o [V(x)—L,|dx=0 TILII; T-/_TI V(x)— L_|dx
forsome L ,L_€ C.

(i1) W contains all V which are almost periodic in the following sense: there exists a
bounded sequence of trigonometric polynomials V, such that p(V,, — V) = 0 (n — ).
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(iii) W contains all V € L®(R) for which there exists a g: R — C, locally of bounded
variation, such that p(V, — V) =0 if A — co. Here V(x)= [",e 2" dg(\) is
assumed to be uniformly bounded.

PROOF. (i) Define V(x) = L, or L_ according as x =0 or x < 0. Then V,, € Iy
and p(V — ¥,) = 0. Hence V € “Il by Lemma 11.4.2.

(ii) We only need to check that trigonometric polynomials are in °If. That is easy.

(iii) Let A >0 be such that =A are continuity points of g. Then V (x)=
A e 2" dg(X + 0) for x € R (we have g(A + 0) = lim, \ g(n)). Now put g,(A)
=gA+0)if [A|<A, g,(A)=g(A) if A\=4 and g, (A\) =g(-A4) if A< -4. It
follows from the theory of characteristic functions of probability distributions that

k

(V) = (fer g n)] = [ dg 0.

where dg, , is the k-fold convolution of dg, with itself. Now, by Fubini’s theorem
and dominated convergence,

. 1 T =27y —
tim gz [ e dg 0] = (g 0
Hence V, € . From this the lemma easily follows.
As in Part I we follow Widom’s approach as presented in Guillemin’s survey
paper. That is, we let k = 1,2,..., and we want to show that |7,V 7 — (7 Va7 )X,
= o(n) (n — o). Here || ||, is the trace class norm. It will be sufficient to show that

|lm, V(I — 7 )|, = o(n'/?) (n = 0). Here || ||, denotes the Hilbert-Schmidt norm.
LEMMA 11.4.4. Denote Vy(x) := e 2" (x € R) for A € R. Then
llm, My, (1 = )13 = O(N + [\ | ).

PrOOF. We have | (V ¢, ¥)) |=|(T\W,. ) | foral A ER, k=0,1,...,/=0,1,....
This is so because ¥y, = (-i)*y, (¢ denotes the Fourier transform) for k = 0, 1,. ..
and (FV, f)(x) = (Ff)x +A)=(T\Ff)x) for \, x ER, f€ L*(R). Let C < 1.
By the corollary at the end of §2 we can find o > 0 such that

(T ) |< €' Fexp(-37X)
forA €R, k=N, 1 — k =|\|Vk /o. Now

Im A =a)3=2 2 (M. )P

k=0 I=n+1
For k < A\ we estimate 2%, ., | (Va4 ¥,) by 1. For A% < k < n we have

oc

2 )P = 2 (M) P+ 2 (M ) P

I=n+1 n+1<i<n+Pyn /o [=n+N\yn /o
The second one of these sums can be estimated by
exp(—vr)@)(l _ CZ)"cZ(n—k-FN\/r;/a)’

and if we sum this over all k we get a number that is at most (1 — C?)Z%exp(-mA?).
And the sum of |(Vyy,. ¥,) [ over all k and all / with n+ 1<I<n+|\|/n /o
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yields a number <|A|/n /o. Putting the estimates together we get
7 V(1 = 73 <N+ |X|{n /o + (1= C?)exp(-7\)

as desired.
Lemma I1.4.4 is used to prove the following proposition.

PRrOPOSITION 11.4.1. If V is a trigonometric polynomial and f is a polynomial, then
”f('”nVWn) - ﬂnfo Vﬂn“l = 0(”3/4).

PROOF. Let V(x) = Z/Lo¢/V, (x). We may assume, by linearity and the triangle
inequality for ||||,, that f(x) = x* for some k = 0, 1,.... We have

m k m m
77"( 2 C/VA,) T, = 2 e 2 C/, SRR ‘C/AﬂnV)\l PN 'V)\,‘Wn'
1=0 H=0  [,=0
We write
TV Ve = w"(VA,I(ﬂn + (1 — Wn))VAIZ(')T" +(I=m)) - VM'”")’
and we expand the product at the right-hand side. We get , V)\ SRRY V>\,

sum of products each of which involves at least one factor 7 V,\ ( I—m). The
trace norm of each of the terms in this sum can be estimated (as'7,, I — =, V,
all have operator norm <1) by [m/A(I = 7l < |7/l llmVi(I — m,)ll, =
(n + 1)!720(n'/*). Here X is one of the A ;’s. Hence we get

m k m m k
(San)n- 5 S Mamn,

1=0 L,=0 [,=0 j=1

= 0(n**).

The multiple sum here equals [7,(Z7L.cVy )7, ]¢ = (m,Vm,)*, and the proof is
complete.

Note. With a similar proof one can show the following. Let g be locally of
bounded variation, and let f be a polynomial. Then we have for all 4 > 0 that

mu ([ Vads))m,—1( 7, [ V2 dg(A)m,

= 0(n*/*).
|

We assume from now on that V is real-valued. This is mainly done to be able to
include general continuous functions f.

LemMa I1.4.5. Let g2 R — C be continuous and V € L*(R) real-valued. Then
| trace g(m,Vm,)|< (n + Dsup{|g(x)|[x|<|V]l..)-

PrOOF. The operator =, V7, has, as a finite rank operator, a real symmetric matrix
(V¥4 ¥ D=0, .. » Which is diagonizable as diag(ay,...,a,) where |a,|<|[V]|,.
Now trace g(,V'm,) = tracediag(g(a,),...,8(a,)), and the lemma follows.

The following lemma is important, for it expresses that the trace norm of =, V7,
can be estimated by an expression related to p(V).
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LEMMA 11.4.6. There is a constant a >0 with the following property. For any
V.V, € L°(R), k =0,1,... we have

a V, , = O0ln su Vix) — Vo(x)|dx
)~ (i) = 0 s [ 170 = %)

PrOOF. For any two bounded operators 4, B of L?(R) we have that 4* — B* =
((A — B) + B)* — B* = sum in which each term has at least one factor 4 — B.
Hence |(7 V)" — (7 Vym ) ||, < Cllm(V — V,)m,||, where C is independent of n.
Here we use that 7, V, VO are bounded in operator norm. We observe further that we
can write 7 (V— Vy)m, =a (V- V), 7, — 7V — V))m, where (V—V,), =
max(V — V,,0),(V — V,).= max(V, — V,0). The operators w(V — V,).m, are
positive, whence we have that |7 (V — V;). 7 ||, = trace(w(V — V;). 7). And

i, (V = Vo)mlly <=, (V = Vo), mlly + llm,(V = V) _7,ll,
=[S e de s [T = 1) () S v d
- k= - k=0
—/ (x) = Vo(x)| z ¥i(x) dx.

Forn=1,2,... lett, = 27'/". We have by Mehler’s formula

I (V= Vo)mlly <2 1V(x) = V(x)| S rhw(x) dx
-% k=0

- 23/2f°°| V(x) — Vo(x) (1 - tf)_l/zexp(—%rxz " ) dx.
. 1+
If e > 0, we have

o
— 2 o
Ve exp(_'”ex ) < I;[ vel HIX[—a;.a;]‘

where a, = (/log2/me)'/? for | = 1,2,.... Hence if C = 4(7'log2)'/? we have

- i 1
Jeexp(-mex?) < C ¥ 2 ’1‘/25—x[ )
/=1

We get
H |V(x)—%(x)|exp(—wex2)dx<czz’1'/2 f|V(x)—Vo(x)|dx

Observing that a, = (log2/m)"/?¢™'/? for [ = 1,2,... and that 1 — ¢, = (1/n) log2
+ O(1/n*) we easily get the result by taking e = 2(1 — ¢, )}(1 +¢,)".

COROLLARY. There are a, b > 0 such that for V e L*(R)

1
Allmvmll <b sup 57 f | V(x)] dx.
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With all these lemmas available now we can prove the main results of this section.
We give one final definition.

DerINITION 11.4.3. Let U, be the set of all real-valued ¥ € U for which
lim,,_ (trace f(m,Vm,))/(n + 1) exists and equals lim,_ ,(1/2T) (7 f(V(x)) dx if f:
R — C is continuous.

THEOREM I1.2a. Let A > 0, and let g: R — R be of bounded variation on [-A, A].
Assume that V(x) 1= [#,e2"**dg(X\) €R for x €ER. Then V € 9.

PROOF. We know that V € . Let k = 0, 1,.... By the note following Proposition
11.4.1 we know that

| trace(m V) — trace(m,V*n ) 1= 0(n/4).

By Theorem II.1 we know that lim,_ (trace(w V7 ))/(n + 1) =
lim,_ (1/2T) /7 V*(x) dx. Hence lim,_ (trace(w Vm )¥)/(n + 1) exists and has
the required value. If f: R — C is continuous, then we can approximate f uniformly
on the set {x||x|<||V],} by polynomials. Now Lemma I1.4.5 gives the result.

Note. All trigonometric polynomials are in Q.

THEOREM I1.2b. Let V € L*(R) be real-valued, and let (V,), be a sequence in U,
with |V, <M, p(V — V,) = 0. Then V € 9.

PrOOF. By Lemma I1.4.2 we know that V' € . As in the proof of Theorem II.2a
it is enough to show that

. l k . _l_ T k _
nhqnolc s 1trace(w,,V'rr,,) = Thf; ZT/_TV (x)dx fork=0,1,....

There are M, a > 0 such that

|tracc(77,,er) — trace(m, V7 ) |\ ||(71,,V77n) (mV,m ) Il

1
n+1 +1

<M, sup |V(x) V,(x)]dx

by Lemma I1.4.6 (the proof of that lemma shows that we can take M, independent
of /). Take € > 0, and let / be such that p(V — V) <e/2M,. Next let N be so large
that

27 IV = Vi) lde <2000~ V) <e/M, (1> alN).

We then have that |((trace(, V) )/(n + 1) — trace(m, V,m )*)|< e if n = N. Since
V, € °U, we can take N, = N so big that

trace(m,V,m, )~ — lxm ﬁ V,"(x)dx

1
n+1
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if n = N,. Then forn = N,

1 k . 1 T ok
—lim = [V
T 1trace('rr,,V'zrn) )Lnolo T (x)dx
& 1 k
<’ 1 trace(m V', ) s 1trace( V) ‘
1 ko 1 T
+‘ o trace(m,V,m,) Tlgl; _ZTf_TV’ (x)dx
+| lim L T(V"'(x) — Vk(x)) dx
T—o 2T -T !

< 2e + kmax( M~ |V ||5 )e/2M,.

The proof is complete.

Consequences. Almost periodic functions are elements of °f,. Here we mean by an
almost periodic function a real-valued function ¥V € L®(R) for which there exists a
bounded sequence (V,), of trigonometric polynomials such that p(V — V,) - 0
(n - o). Also, any V € L*(R), for which there exists a g which is locally of
bounded variation such that p(V, — V) -0 (4 — o) where V, (x):=
/4,672 dg(A) is uniformly bounded, is an element of ;.

THEOREM I1.2c. Ler V € L*(R), and assume that lim, __  V(x)= =1. Then
Vv ew,.

PROOF. Let 4 >0, and define V,(x) = (1/7)[*,((sin tx)/t) dt. We claim that
V, € A,. Unfortunately we cannot apply one of our theorems immediately; instead
we have to check certain steps in our proofs. We observe that
lim,_ (1/2T) [V {(x) dx exists for all k, since V,(x) — sgn(x) if |x|— 0. In
accordance with the general theme we shall show that || V(I — )|, = o(n'/?).
Therefore we consider for k = 0, 1,. .., I=k+1,...

sin rx
t

Vabis 1) =%/:( tl/k(x),xl/,(x)) dr.

We have for | 7|< A (recall that (R, f) (x) = exp(-2mibx)f(x))

( sin rx

P ¥i(x), ‘P/(X)) = ﬁ[(R-I/ZW‘Pk’ 4’/) - (Rr/2w¢k9 ‘P/)]-

The terms (R .., /2,¥, ¥,) can be estimated by using the results of §2. Note that the
fact that (7,y,, ¥,) has a zero of order / — k at a = 0 comes in quite handy here. We
easily get that 17'(sin zx Y, (x), ¥,(x)) = O(C'™%) (k=1?/4n% 1=k + &/k) for
some C € (0,1), e >0; here 0 holds uniformly in ¢ € [-4, A]. We conclude as
before that ||7,V,(I — m,)||, = O(n'/*). Hence V,, € 9.

Now V,(x) = (1/m) [}, ((sin ¢)/1) d sgn(x) — sgn(x) uniformly in any set not
containing 0 if 4 — oo, and the V,’s are uniformly bounded. Hence sgn ¢, and
obviously p(V — sgn) = 0, so that by Theorem II1.2b we see that ¥ € %, and the

proof is complete.
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We conclude Part II with some remarks. Our explicit formulas enable us to
investigate in certain cases how fast (trace f(m,V'm,))/(n + 1) converges to its limit.
Since the exponentials played a special role in this part we first assume that
V = Vy(x) = exp(-2miAx), and that f(x) = x. We have the formula

n 1 n

1
trace(n¥im) = 3 b ta) = 5 3 (D' W(0, 50 0.,
k=0 )

k=(

n
— 2 e—'n)\l/sz(WAZ) — e—w)x'/ZLi'I)(ﬂAZ)
k=0

(here L" is the nth Laguerre polynomial of first order; cf. §2(g) of Part II). We have
used here [Sz,(5.1.13)]. Now one has very precise knowledge of the behavior of the
functions exp(-x,/2)L{P(x) (cf. e.g. [Sz, Chapter 8 or AW, table on p. 699]). As a
consequence one can show that

n+ l, A= O’

o(n), 0<zN<1l/n,
trace( 7 Vym, ) = o(n'/4(aN) ), 1/n<aN <én,

o(n'*/x), 7N = 8n,

O(exp(~£X?)), aX = 4(1 + q)n.

Here { > 0, and 8, 7 are positive and sufficiently small.

We have e.g.: if A # 0, then (trace(m,V,m,))/(n + 1) = O(n~>/*). One might have
expected here O(n~') since (1/2T)[Te "> dx = O(1/T).

For a more general V' we must know how well V' can be approximated by linear
combinations of exponentials; here Lemma I1.4.6 is relevant. And if e.g. V'is of the
form [* e 2"** dg(X), then

trace( V) = fwexp(—wAz/Z)LL”(wAZ) dg(A),
and we can read off from the estimates just given how fast 1(trace(=,Vn,))/(n + 1)
converges to (dg) {0}.

If V is a trigonometric polynomial again, and f is a polynomial, then I1.4.1
together with the remarks made above can tell us how fast (trace f(7,V7,))/(n + 1)
approaches its limit if n — oo. In the general case we must, of course, know how well
f and V can be approximated by polynomials and trigonometric polynomials
respectively.

We finally indicate how the results of this section can be generalized to operators
which are not multiplication operators. For any complex measure p defined on R?
with || (R*) < oo we let 4 ,, be the operator whose Weyl symbol a is given by

a(x, ¢) = fexr)(%ri(qﬁ — px)) du(q, p)
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(cf. §1 of Part II; it is easy to check that 4, is a bounded operator of L*(R)), i.e. d,is
the symplectic Fourier transform of a. For this A, the trace theorem holds, for we
have (cf. the formulas in §1)

n

1
trace(7,4,7,) = ——— 2 (A4 %)
A=0

l n
o 1[ 2 (W, ¥ ) dulq. p)
A=0

n+1

PRy fe"p(‘"(qz +p°)2)L(7(q* + p*)) du(q. p).

and this tends to (dp){(0,0)} = lim;_ (1/7T)[ 2, ,2=ra(x, §) dx d§ (for the latter
relation one uses Fubini’s theorem and dominated convergence).

It can be shown that for 4, the Szegd theorem holds as well if u decays sufficiently
fast at oo, provided that 4, is selfadjoint. To sketch the proof, let u, and p, be as p
in the previous paragraph. It is a well-known fact of the Weyl calculus that
A, A, = A, where pyis the twisted convolution product of i, and p,. given by

[ 1dus =/{fe><p(—wip'q +mipg) (g p) dpy(q" — q. p' p)} dpi(q. p)

for all continuous f: R* » C of compact support. Observe that p, is a complex

measure with |p.3|(R2)< . We conclude that lim,_  (trace(m, Aﬁw,,))/(n + 1)

exists and has the right value for Kk = 0,1,.... We finally need an estimate on
fm, A, (1 — =)l (o(n'/z) suffices). Therefore one proceeds as in Lemma [1.4.4 and
estimates the sum 2 ,,|(A ¥ir ¥;) [*. Since

(A ¥) = ( [ ( p~2q Yo \P/)du(q P)

one can use the estimates on the Wigner functions of §2. It is not hard to formulate
sufficient conditions on p so that |7, 4,(/ — =), = o(n'/?) (e.g. p has compact
support suffices).
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